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Abstract This work applied the Lattice Boltzmann Method (LBM) to investigate the effect of CuO
nanoparticles on natural convection with magnetohydrodynamic (MHD) flow in a square cavity. The left
and right vertical walls of the cavity were kept at constant temperatures, Th and Tc , respectively, with
two insulated walls at the top and bottom. A uniform magnetic field was used in a horizontal direction.
Results were carried out for different Hartmann numbers ranging from 0–100, Rayleigh numbers from
103–105 and the solid volume fraction from 0 to 0.05. Effects of the solid volume fraction and magnetic
field on hydrodynamic and thermal characteristics were investigated and discussed. The averaged Nusselt
numbers, on hot wall, streamlines, temperature contours, and the vertical component of velocity for
different values of a solid volume fraction, Hartmann and Rayleigh numbers were illustrated. The results
indicate that the averaged Nusselt number increases for nanofluids when increasing the solid volume
fraction, while, in the presence of a high magnetic field, this effect decreases.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The problem of natural convection in a cavity has been a
major topic of research, due to its occurrence in industrial
and technological applications, such as crystal growth, elec-
tronic cooling, oil extraction, and solar collectors, etc. Hydro-
magnetic flow and heat transfer have been considered bymany
researchers for different industrial applications [1–3]. Kan-
daswamy et al. [4] numerically investigated flow and temper-
ature fields in a square cavity with partially active vertical
walls for a Prandtl number of 0.71. They found that heat trans-
fer rate is maximum for middle–middle thermally active loca-
tions, while it is poor for top–bottom thermally active locations.
Oztop et al. [5] analyzed magnetohydrodynamic buoyancy
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heated square enclosure using the finite volume method. The
bottom wall of the enclosure was heated and cooled, period-
ically, like a sinusoidal function, and the top wall was cooled
isothermally. Their numerical results showed that heat transfer
decreases by increasing the Hartmann number and amplitude
of the sinusoidal function.
Iliuta and Arachi [6] investigated themagneto hydrodynam-
ics of trickle bed reactorswith an experimental simulation. They
have illustrated that, in the presence of a magnetic field, when
theKelvin force density acts against the flowdirection, the pres-
sure drop is larger than that without a magnetic field. Rudra-
iah and Barron [7] numerically studied the natural convection
of an electrically conducting fluid in a rectangular enclosure in
the presence of a magnetic field. They have pointed out that the
average Nusselt number decreaseswith an increase in the Hart-
mann, and the Nusselt number approaches one under a strong
magnetic field. Robillard et al. [8], numerically and analytically,
investigated the effect of an electromagnetic field on free con-
vection in a vertical rectangular porous cavity saturated with
an electrically conducting binarymixture. They have concluded
that the flow is parallel in the core of the cavity at constant heat
and mass fluxes. Pangrle et al. [9] performed experimental re-
search, in which Magnetic Resonance Imaging (MRI) was used
to measure, noninvasively, the steady, incompressible, laminar
fluid flow in an inorganic porous tube and shell module. They
used a porous tube module in closed end mode for Reynolds
numbers of 100–200, based on the tube radius, to study the flow
and heat transfer.
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B Magnetic field (T)
H Enclosure length and width (m)
Ha Hartmann number (=(B× H)/√υη)
Ra Rayleigh number (=gβ1TH3/αν)
Nul Local Nusselt number (= − D(∂T/∂n)wall surface/
(Th − T∞))
Nuavr Average Nusselt number (=1/H
 H
0 Nu dy)
P Pressure (Pa)
Pr Prandtl number (=ν/α)
x, y Cartesian coordinates
Greek symbols
α Thermal diffusivity (m2 s−1)
υ Kinematic viscosity (Pa s−1)
ρ Fluid density (kg m−3)
η Magnetic resistivity
τ Lattice relaxation time
k Thermal conductivity
Subscripts
avr average
c cold
f fluid
h hot
nf nanofluid
p particle
In nanofluid, Choi [10] was the first to coin the term
‘‘nanofluids’’ for this new class of fluids with superior thermal
properties. Khanafer et al. [11] investigated heat transfer en-
hancement in a two-dimensional enclosure utilizing nanoflu-
ids for a range of Grashof numbers and volume fractions. They
found that the heat transfer across the enclosure increases with
the volumetric fraction of the copper nanoparticles in water for
different Grashof numbers. Recently, Kang et al. [12] demon-
strated that a nanofluid consisting of silver nano-particles in
DI-water (Ag Nanofluid) enhanced the thermal performance
of a grooved heat pipe. Abu-Nada et al. [13] investigated the
influences of nanoparticles on natural convection heat trans-
fer enhancement in horizontal annuli with various nanoparti-
cles and volume fractions. They reported an enhancement of
heat transfer in horizontal annuli. Nguyen et al. [14] covered
the fluid flow and heat transfer characteristics of nanofluids in
forced and free convection flows, and their potential applica-
tions. Wang et al. [15] investigated the free convection heat
transfer of Al2O3–water nanofluids in a horizontal and verti-
cal rectangular enclosure. They reported that the ratio of heat
transfer coefficient of nanofluids to that of base fluid decreases
as the size of the nanoparticles increases. Jou and Tzeng [16]
numerically attempted to simulate the natural convection in
a rectangular cavity with two different aspect ratios for just
Cu–water nanofluid. They simulated the flow field in aspect ra-
tios where the convection heat transfer is more dominant than
conduction heat transfer, but they did not report the details
of heat transfer enhancement. Oztop and Abu-Nada [17] sim-
ulated the natural convection flow in a rectangular cavity by
adding a heater at the right hand side of the cavity. Their find-
ings show that the Cu–water mixture has better heat transfer
enhancement compared to the Al2O3–water mixture.Figure 1: Computational domain.
Table 1: Thermo physical properties of different phases.
Property Fluid phase (water) Solid phase (CuO)
cp (J/kg K) 4179 540
ρ (Kg/m3) 997.1 6500
k (W/mK) 0.613 18
β × 105 (K−1) 21 0.85
dp (nm) 0.384 29
The LBM is an applicable method for simulating fluid flow
and heat transfer [18–20]. Thismethodwas also applied to sim-
ulate the MHD [21] and, recently, nanofluid [22] successfully.
The present study performs amodified LBMapproach that com-
bines both nanofluid and MHD simultaneously. The main and
particular objective of the present numerical investigation is to
show the effect of CuOnanoparticles onnatural convectionwith
magnetohydrodynamic flow in a rectangular cavity using the
Lattice Boltzmann method. The mathematical formulations for
nanofluid are based on the Chon et al. [23] and Brinkman mod-
els [14], and the MDF model [24] is used for considering the
magnetic effect. Results include the streamlines and isotherms,
and the Nusselt number is investigated with different effective
parameters.
In this study, steady, two-dimensional natural convection
flow is investigated in a rectangular cavity filled with an
electrically conducting fluid, with special volume fractions of
nanoparticles, as shown in Figure 1. Physical and thermal prop-
erties of CuO nanoparticles and fluid at the base temperature
20 °C are listed in Table 1 [17]. A uniform magnetic field was
applied in a horizontal direction. It is assumed that the left and
right walls are maintained at a constant temperature, Th and
Tc(Th > Tc), respectively. Both top and bottom walls are con-
sidered to be adiabatic.
2. Mathematical model
2.1. The Lattice Boltzmann method in a magnetic field
The LB model used here is the same as that employed
in [25,26]. The thermal LB model utilizes two distribution
functions, f , g and B, for the flow, temperature and magnetic
fields, respectively. It uses the modeling of the movement of
fluid particles to capture macroscopic fluid quantities, such as
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approach, the fluid domain is discretized to uniform Cartesian
cells. Each cell holds a fixed number of distribution functions,
which represent the number of fluid particles moving in these
discrete directions. The D2Q9 model was used, and values of
w0 = 4/9 for |c0| = 0 (for the static particle), w1–4 = 1/9 for
|c1–4| = 1 andw5–9 = 1/36 for |c5–9| =
√
2 are assigned in this
model. Where wα and cα denote the equilibrium distribution
weight and discrete velocity in the direction of α.
The density and distribution functions, i.e. f , g and B, are
calculated by solving the Lattice Boltzmann Equation (LBE),
which is a special discretization of the kinetic Boltzmann equa-
tion. After introducing BGK approximation [27], the general
form of the Lattice Boltzmann equation with external force
is:
For the flow field:
fi(x+ ci1t, t +1t) = fi(x, t)+ 1t
τv
[f eqi (x, t)− fi(x, t)]
+1tciFk. (1)
For the temperature field:
gi(x+ ci1t, t +1t) = gi(x, t)+ 1t
τC
[geqi (x, t)− gi(x, t)], (2)
where1t denotes the lattice time step, ci is the discrete lattice
velocity in direction i, Fk is the external force in the direction of
the lattice velocity, τv and τC denotes the lattice relaxation time
for the flow and temperature fields. The kinetic viscosity, υ , and
the thermal diffusivity, α, are defined in terms of their respec-
tive relaxation times, i.e. υ = c2s (τv − 1/2) and α = c2s (τC −
1/2), respectively. Note that limitation 0.5 < τ should be
satisfied for both relaxation times to ensure that viscosity and
thermal diffusivity are positive. Furthermore, the local equilib-
rium distribution function determines the type of problem that
needs to be solved. It also models the equilibrium distribution
functions for flow and temperature fields, respectively. In this
study, the density distribution function, f eqi , was modified to
consider the magnetic effect:
f eqi = wiρ

1+ ci · u
c2s
+ 1
2
(ci · u)2
c4s
− 1
2
u2
c2s

+ wi
2c2s

B2c2
2
− (c · B)2

(3)
geqi = wiT

1+ ci · u
c2s

, (4)
where B is the magnetic field, wi is the weighting factor, cs is
the speed of sound and defined by cs = c√3 . Similar to the
density equilibrium function (f eqi ), for calculating the magnetic
field, the magnetic equilibrium function is considered, as
follows [24]:
heqix = λi

Bx + 1c2s
eix(uyBx − uxBy)

, (5)
heqiy = λi

By + 1c2s
eiy(uxBy − uyBx)

, (6)
where λi is the weighting factor of the magnetic field and
defined in the fifth direction by Dellar [24]:
λi =

1
3
for i = 0
1
6
for i = 1–4.
(7)For solving the velocity and magnetic field, the following
equation must be considered [24]:
hi(x+ ci1t, t +1t) = hi(x, t)+ 1t
τm
[heqi (x, t)− hi(x, t)]. (8)
Magnetic resistivity, like kinetic viscosity, υ , and thermal
diffusivity, α, is defined in terms of its respective relaxation
time, η = c2s (τm − 1/2).
In order to incorporate buoyancy force in the model, the
force term in Eq. (1) needs to be calculated, as below, in a
vertical direction (y):
F = 3wigyβθ. (9)
For natural convection, the Boussinesq approximation is
applied, and radiation heat transfer is negligible. To ensure
that the code works in the near incompressible regime, the
characteristic velocity of the flow for a natural, (Vnatural ≡
βgy1TH), regime must be small compared with the fluid
speed of sound. In the present study, the characteristic velocity
is selected as 0.1 of sound speed.
Finally, macroscopic variables are calculated using the
following formula:
ρ =

i
fi, ρu =

i
cifi, T =

i
gi,
Bx =

i
hix, By =

i
hiy. (10)
2.2. The Lattice Boltzmann model for nanofluid
In order to simulate nanofluid by the Lattice Boltzmann
method, because of interparticle potentials and other forces
on the nanoparticles, nanofluid behaves differently from pure
liquid, from a mesoscopic point of view, and is of higher
efficiency in energy transport, as well as having better
stabilization than the common solid–liquid mixture. For pure
fluid, in the absence of nanoparticles in the enclosures, the
governed equations are Eqs. (1)–(10). However, for modeling
the nanofluid, because of changes in fluid thermal conductivity,
density, heat capacitance and thermal expansion, some of the
governed equations should change.
The thermal diffusivity is:
αnf = knf
(ρcp)nf
. (11)
The effect of density at the reference temperature is:
ρnf = (1− φ)ρf + φρs. (12)
Moreover, the heat capacitance and thermal expansion of
nanofluid are explained as [28]:
(ρcp)nf = (1− φ)(ρcp)f + φ(ρcp)s, (13)
βnf (1− φ)βf + φβs. (14)
The viscosity of nanofluid containing a dilute suspension of
small rigid spherical particles is [14]:
µnf = µf
(1− ϕ)2.5 . (15)
Chon et al. [23] introduced the effective thermal conductivity
of two component entities of spherical-particle suspension as
follows:
knf
kf
= 1+ 64.7φ0.764

df
ds
0.369 kf
ks
0.7476
PrT Re1.2321T , (16)
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various strengths of magnetic field.
where PrT and ReT are:
PrT = µf
ρf αf
, ReT = ρf kbT3πµ2f lf
, (17)
where lf is the mean path of the fluid particle that is given
as 17 nm, similar to Saha et al. [3], and kb is the Boltzmann
constant, (1.3807 × 1023 J/K). It should be mentioned that
this model is based on the experimental measurements of
Chon et al. [23] for Al2O3 suspension in water at a volume
fraction up to 4%, and includes nanoparticle size and work
temperature effects. However, Minsta et al. [29] found that this
model is suitable for the thermal conductivity prediction of bothAl2O3 and CuO nanoparticles up to a volume fraction of 9% by
experimental testing.
The dimensionless relaxation time for velocity and thermal
fields is determined by the nanofluid properties as follows:
τv = 32
υnf (lbm)
c2
+ 0.5 = 3
2
µnf (lbm)
ρnf (lbm)c2
+ 0.5, (18)
τC = 32
αnf (lbm)
c2
+ 0.5 = 3
2
knf (lbm)
(ρcp)nf (lbm)c2
+ 0.5. (19)
That lbm subscript determines the lattice scale. This procedure
is the same as Das et al. [30] in the simulation of variable
thermal conductivity in Lattice Boltzmann.
3. Results and discussions
In this study, physical properties are constant, except the
density variation in the body force term of the momentum
equation, which is satisfied by Boussinesq approximation.
The effect of nanoparticle suspension in water, for Ra =
103–105,Ha = 0–100, and solid volume fraction 0%–5%, is
studied.Water is the base fluid, with Pr = 6.57 at 22 °C, and the
fluid is a water-based nanofluid containing CuO nanoparticles.
To validate the numerical simulation, the results for natural
convection flow in an enclosed cavity filled by pure fluid have
been compared with those obtained by Jou and Tzeng [16]. This
comparison reveals good agreement between results (Table 2).
Figure 2 shows the effect of a transverse magnetic field on
natural-convection flow inside a rectangular enclosure, which
is compared with the result of Rudraiah et al. [7]. In addition,
this result shows good agreement with previous studies.
Figure 3 indicates the streamlines at Ra = 104 and 105 for
different volume fractions of CuO nanoparticles. This figure il-
lustrates the effect of the volume fraction and Hartmann num-
ber on the flow field for ϕ = 0, 0.03 and 0.05, at Ha = 0, 10(a) Ha = 0. (b) Ha = 10. (c) Ha = 50.
Figure 3: Streamlines at different Ha numbers with variable solid volume fraction.
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Figure 4: Variation of y-component of velocity at Ra = 105 with different Ha numbers for CuO–water.(a) Ha = 0. (b) Ha = 50. (c) Ha = 100.
Figure 5: Isothermal lines at different Ha numbers with variable solid volume fraction.Table 2: The averaged Nusselt number on the left wall in comparison with
the previous study at Kn = 10−4 .
Ra Ref [16] Present
study
Ref [16] Present
study
Present
study
Grid 40×40 40× 40 80×80 80× 80 100×100
105 4.487 4.449 4.523 4.508 4.512
106 8.798 8.623 8.928 8.883 8.891
and 50. In the absence of a magnetic field at low Rayleigh num-
ber, because of the buoyancy effect, a main recirculation zone is
created in the cavity, at the center of which is, approximately,
the recirculation core. By increasing the Rayleigh number, the
center of the created vortex divides into two intense vortexes.
As the volume fraction increases, the intensity of streamlines
increases, due to the high-energy transport through the flow
because of the irregular motion of the ultra fine particles. This
treatment becomes remarkably stronger by increasing the Ra
number, as can be seen in Figure 3. By adding a magnetic field,
the intensity of the recirculation decreases, and the vortex corestretches vertically. It can clearly be seen that the shape of the
vortex changes from circular to elliptic. This phenomenon is be-
cause of the magnetic force, which is against the flow direction
and which causes a considerable reduction in the intensity of
streamlines. Also, by increasing the solid volume fraction, the
trend is the same as cases in the absence of a magnetic field.
Figure 4 shows the effect of volume fraction and Ha number
on the vertical component of velocity (LBM velocity) at the
horizontal centerline. As the volume fraction increases, the
irregular and random movement of particles increases the
energy exchange rates in the fluid. Therefore, as shown in
Figure 4, at a high volume fraction, high peaks of the vertical
component occur. This increment causes thermal dissipation in
the flow of nanofluid to be enhanced. However, the increase
in Ha number dramatically decreases the amount of vertical
velocity, as, for Ha ≥ 50, there is no change along the horizontal
centerline.
Figure 5 shows the effect of the magnetic field and
solid volume fraction on temperature contours at different
Rayleigh numbers. As can be seen, buoyancy force increases by
increasing the Rayleigh number, which causes the convective
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Figure 6: Nusselt number distribution along the heated surface at Ra = 105 with different Ha numbers for CuO–water.Figure 7: Nusselt number distribution along the heated surface at different
volume fraction of nano particles at Ra = 105 .
heat transfer to increase, in comparison with conduction, at
Ha = 0. By immersing the magnetic field, flow field is affected
and, subsequently, the dominant mechanism of heat transfer
changes. The magnetic field has a negative effect on buoyancy
force and decreases the flow motion. This reduction in velocity
causes a decrease in the convection heat transfer. By increasing
the magnetic force (higher Ha number), conduction heat
transfer becomes the dominate mechanism in heat transfer. By
increasing the conduction effect, isothermal lines are parallel, as
shown in Figure 5. At high Rayleigh numbers, this effect occurs
at higher Ha numbers. For example, at Ra = 104 and Ha = 50,
isothermal lines are almost parallel, whereas this phenomenon,
for Ra = 105, occurred at Ha = 100.
Figures 6 and 7 illustrate how the addition of nanoparticles
influences theNunumber distribution along the heated surface,
at Ra = 105, and for different Ha numbers. For Ha = 0, by
comparing the value of the local Nusselt number with the case
of pure fluid, it is clearly evident that increasing the volume
fraction increases the Nu number, particularly close to the
bottom of the hot wall, while there is a slight increase at the
top. For high Ha numbers, it is obvious that the Nusselt number
along the hot wall decreases, because, by increasing the Ha
number, the effect of convection reduces and the dominant
heat transfer mechanism is conduction. Figure 7 shows this
statement in more detail. In addition, for nanofluid, the Nusselt
number differences between the top and bottom decrease,
which causes a reduction in the effect of nanoparticles.Figure 8: Average Nusselt number for Ra = 105 and different volume fractions
at different Ha numbers.
Figure 8 shows the average Nusselt number at Ra = 105 and
for different volume fractions and Ha number. From this figure,
it can be found that, as the solid volume fraction increases
from 0% to 5%, the Nu number distribution along the heated
surface increases by about 93.2%, 102.8%, 78.0%, and 70.7% for
Ha = 0, 10, 50 and 100, respectively. As we can see, nanofluid
has more effect for Ha = 10 than pure fluid and high Ha
number. Figure 9 shows the effect of nanofluid with a solid
volume fraction of 5%, in comparisonwith pure fluid, onNusselt
numbers with different Ra and Ha numbers. It can be seen that
percentages of increment in the Nusselt number increase at
higher Ra numbers, although, for Ha = 100, all reach the same
point. In addition, maximum increment occurs at Ra = 105 and
Ha = 10.
4. Conclusion
In this investigation, the effect of nanofluid on natural
convection at a rectangular cavity in the presence of a magnetic
field is numerically studied. The Lattice Boltzmann method
was employed for the solution of the present problem. Some
conclusions are summarized, as follows:
a. The Lattice Boltzmannmethod, basedon amulti-distribution
function, is a powerful approach for simulating nanofluid
flow in the presence of a magnetic field. This method can
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versus Ha numbers at different Ra numbers.
simulate the velocity, temperature and magnetic fields with
second order accuracy.
b. The buoyancy force increases by increasing the Rayleigh
number, which causes an increase in the Nu number. Also,
increasing the volume fraction increases the Nu number,
particularly close to the bottom of the hot wall.
c. The magnetic field reduces the circulation in the cavity.
When the magnetic field becomes stronger, it causes
the convection heat transfer to reduce and, subsequently,
conduction heat transfer becomes dominate.
d. By adding nanoparticles to fluid, the averageNusselt number
increases, and by increasing the volume fraction, this
phenomenon becomes more sensible.
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